Abstract. Holomorphic mean Lipschitz space is defined in the unit ball of C n . The membership of the space is expressed in terms of the growth of radial derivatives, which reduced to a classical result of Hardy and Littlewood when n = 1. The membership is also expressed in terms of the growth of tangential derivatives when n ≥ 2.
I. Introduction
Let B = B n be the open unit ball of C n which will be denoted by D when n = 1. Let S be the boundary of B, and ν and σ denote the Lebesgue measure on C n and the surface area measure on S respectively, normalized to be ν(B) = 1 and σ(S) = 1. We in this note extend the definition of the holomorphic mean Lipschitz space to the unit ball of C n . Then we give a characterization of the membership of the space in terms of the mean growth of the concerning derivatives, which generalizes a classical result of Hardy and Littlewood. We adapt in this paper the definition of Lip p (B) as follows.
Definition. For 0 < < 1 and 1 ≤ p < ∞, we say that f ∈ Lip p (B) if f ∈ H p (B) and
for all unitary operators U of C n , where h = (h 1 , h 2 , . . . , h n ) ∈ R n is determined to be that e ih1 , e ih2 , . . . , e ihn are the eigenvalues of U .
Note that in the right side of (1.
. When n = 1, this definition reduces to (1.1). Lip p (B) is a Banach space with the norm
where the supremum is taken with respect to the unitary operators U and h is determined as in (1.2).
As far as the Lipschitz functions are concerned, the most interesting and dominant result may be the relationship with the growth of their derivatives. As is well-known, there are results of Hardy and Littlewood expressing the membership of Lip (D) and Lip p (D) in terms of the growth of the derivatives. That is, 
where Rf , the radial derivative of f , is defined by Rf = . See [4, Theorem 6.4.9 and Theorem 6.4.10]. Using Rf in place of f , it is naturally called for to extend (1.4) to the case of n ≥ 1, and our first result says, as supposed to be,
Next, we proceed to handle the mean p growth of multiple derivatives and of tangential derivatives. For 1 ≤ i < j ≤ n, we define T ij and T ij by
where (
II. Proof of Theorem 1
By applying Minkowski's inequality to the relation
To prove mean Lipschitz condition, let U be a unitary operator of C n . Then there is another unitary operator V of C n such that
where D is the diagonal matrix consisting of eigenvalues of U . So, by the unitary invariance of dσ
where e ihj , 1 ≤ j ≤ n, are the eigenvalues of U and
, and the right hand side quantity of this inequality equals
by the unitary invariance of dσ again. If we denote the slice function of f on
which is, by use of the continuous form of Minkowski's inequality, bounded by
By the hypothesis on Rf , this quantity is bounded by a constant times |h| . To bound the second term of (2.1), note that Rf is invariant under unitary composition if f is holomorphic in B, that is,
for any unitary operator V of C n . This is easy to verify by direct computation. Fix V and let f •V = F for simplicity. Then by (2.2) and the unitary invariance of dσ,
From the obvious inequality
it follows by using Minkowski's inequality that
Here ∇ denotes the complex gradient :
It is easy to see
p. 1389] for example). By (2.4) and (2.5), we have
But it is known that
(see [1, p.146 ] for example). Therefore, by (2.3) and the hypothesis on Rf , the second term of (2.1) is bounded by C |h|(1 − r)
Since f ζ ∈ H 1 (D) almost every ζ ∈ S, it follows by one variable Cauchy integral representation that
for almost every ζ ∈ S. Here e it ζ = e it ζ 1 , e it ζ 2 , . . . , e it ζ n . Hence
The last quantity is bounded, by Minkowski's inequality, by 1 2π
By the hypothesis,
So if we use the fact that
III. Proof of Theorem 2
Let alone the role of Theorem 1, the equivalence of (1) ∼ (5) are somewhat known. We include a proof for the sake of completeness, which consists of a sequence of lemmas. We let, for simplicity, R = n j=1 z j ∂ j and R = n j=1z j ∂ j .
Proof. By a simple calculation,
By taking conjugate we see that this holds with T ij in place of T ij .
We will consider differential operators X appearing as composition
where each X i is R or a T ij or a T ij . For such an operator its weight is defined to be the sum of each weights of X j , the weight of R being 1 and
the weight of each T ij and T ij . The following is a weak version of Lemma 2.5 of [1] , where the polydisc P (z, δ), z ∈ B n , δ > 0, is defined as follows.
If z = rζ, 0 ≤ r < 1, ζ ∈ S, pick η 2 , . . . , η n so that {ζ, η 2 , . . . , η n } is an orthonormal basis of C n . Then
Lemma 2. Let X and Y be the differential operators of the form (3.1) with the weight of X being m. Then there is a constant C such
for all holomorphic function f in B and P (z, δ) ⊂ B.
Lemma 3. Let f be holomorphic in B and l > 1, then for all s > 0 there exists a compact subset K of B such that for all k < l and 0 < r < 1
Proof. For a positive integer m, a simple calculation using the homogeneous polynomial expansion gives us
by Cauchy integral formula we have Here, on the second inequality we used the fact that M p (r, g) is an increasing function of r for any holomorphic function g in B. For a given s > 0 if we take N large enough to have the last constant C(2/N ) l−k of (3.5) less than s and take K = {z : |z| ≤ 1 −
